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1. INTRODUCTION AND NOTATION
Weighted inductive limits of spaces of holomorphic functions arise in sev-
eral areas of analysis like convolution equations and ultradistribution the-
ory. The problem of the projective description of the topology of weighted
inductive limits of spaces of holomorphic or continuous functions was inves-
tigated systematically in several articles by Bierstedt, Summers, and the
authors; see, e.g., [2–4]. For weighted inductive limits in which the steps
are deﬁned by means of weighted sup-seminorms, the aim is to ﬁnd a
projective description of the topology of the inductive limit by weighted
sup-seminorms which allow direct computations and estimates as required
in the applications. In the theory of Ehrenpreis [11] of analytically uni-
form spaces, the topology of certain weighted inductive limits of spaces of
entire functions which appear as the Fourier Laplace transform of spaces
of test functions or ultradistributions was required to have a fundamental
system of weighted sup-seminorms. Berenstein and Dostal [1] used later
the term “complex representation.” This term corresponds with the pro-
jective description of such inductive limits in [4] which is the one used
and explained below in this article. In [4] it was proved that the projec-
tive description holds for weighted inductive limits of Banach spaces of
holomorphic functions deﬁned on an arbitrary open subset of N when-
ever the linking maps between the generating Banach spaces are compact.
This theorem extended previous work by Taylor [20] with a more func-
tional analytic approach and was very satisfactory from the point of view of
applications. In general the problem of projective description for weighted
inductive limits of Banach spaces of holomorphic functions has a negative
answer as was recently shown in the examples found in [6–8].
Making use of Vogt’s approach to the Palamodov and Retakh theory
of LF-spaces [21, 22], the projective description techniques were extended
from LB-spaces to LF-spaces by Bierstedt and Bonet [2]. This article
generalized part of Vogt’s methods and, in particular, explained the rele-
vance of Vogt’s conditions (wQ) and (Q) for weighted inductive limits of
Fre´chet spaces of continuous functions. The case of LF-spaces of holo-
morphic functions is even more complicated. Hansen [12] extended a
result of Ehrenpreis [10] for classical distributions to show that the pro-
jective description holds algebraically and topologically for the LF-space
which is the Fourier Laplace transform of the space of test functions for
ultradistributions of Beurling type on an open convex set in N . For appli-
cations of Hansen’s result to convolution operators we refer to [5]. On the
other hand Ehrenpreis [10, pp. 557–558] showed that the space of real
analytic functions AN on N is not analytically uniform. This implies
that the topology of the weighted LF-space of entire functions which is
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isomorphic to the strong dual of the space of real analytic functions cannot
be described by means of canonical weighted sup-seminorms; see also [1].
In this article we show that the topological projective description also
fails for natural weighted inductive limits of spaces of entire functions which
appear as the Fourier Laplace transform of spaces of ultradistributions of
compact support in the non-quasianalytic case. More notation is necessary
to state our main results Theorem 1 and Proposition 7.
We recall the necessary notation and deﬁnitions, and we state the prob-
lem of projective description. For notation on locally convex spaces we refer
the reader to [19].
We denote by V = vn k a double sequence of strictly positive upper
semicontinuous weights on N , N ∈ , such that
vn+1kz ≤ vn kz ≤ vn k+1z z ∈ N
for each n k ∈ . The weighted inductive limit of Fre´chet spaces VHN
of entire functions associated with V is deﬁned by
VHN = indnprojkHvn kN
where the steps HvN are deﬁned, for a positive weight v on N , as the
Banach space of entire functions
HvN =
{
f ∈ HN f v = sup
z∈N
vzf z <∞
}

The space VHN is a Hausdorff LF-space. In order to describe its topol-
ogy by means of weighted sup-seminorms Bierstedt et al. [4] associated
with V the system 
V of all those weights v¯  N → 0∞ which are upper
semicontinuous and for each n there are αn > 0 and k = kn such that
v¯ ≤ αnvn k on N . The projective hull of the weighted inductive limit is
deﬁned by
H
V N =
{
f ∈ HN  fv¯ = sup
z∈N
v¯zf z <∞ for all v¯ ∈ 
V
}

endowed with the Hausdorff locally convex topology deﬁned by the system
of seminorms v¯v¯ ∈ 
V . The projective hull is a complete locally con-
vex space and VHN is contained in its projective hull with continuous
inclusion.
The problem of projective description is to determine conditions under
which
(1) the spaces VHN and H
V N coincide algebraically, or
(2) the space VHN is a topological subspace of its projective hull
H
V N.
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A positive answer to question (2), i.e., whether VHN is a topological
subspace of its projective hull, is of particular importance, because when
the answer is positive it permits us to describe the topology of the weighted
LF-space of holomorphic functions by means of weighted sup-seminorms.
In case vn k = vn k+1 = vn holds for each n k, the space VHN is
in fact an LB-space. As a consequence of the main result of [4], in this
case the projective description holds algebraically and topologically if the
sequence V = vn satisﬁes the following condition (S): for each n there is
m > n such that vm/vn vanishes at inﬁnity on N . This positive result will
be used later in this article.
We also need the following deﬁnitions of spaces of ultradifferenti-
able functions of Roumieu type on an open convex set of N ; see Braun
et al. [9].
A non-quasianalytic weight is a function ω   → 0∞ which is con-
tinuous, even, increasing on 0∞, satisﬁes ω0 = 0, ω1 > 0, and the
following conditions:
α ω2t ≤ K1+ωt for all t ∈ 
β ∫∞−∞ωt/1+ t2dt <∞
γ log1+ t2 = oωt as t tends to ∞ and
δ ψ  t → ωet is convex in .
The quasianalytic weights are deﬁned replacing condition β by the
weaker assumption that ωt = ot as t tends to ∞.
The radial extension of the weight ω is deﬁned by ω˜  N → 0∞
by ω˜z = ωz, and it is again denoted by ω by abuse of notation. The
Young conjugate of ψ is deﬁned by ψ∗x = supy>0xy − ψy.
For a compact set K ⊂ N and  > 0 we set
K  = f ∈ C∞K  fK <∞
where
 f K = sup
x∈K
sup
α
 f αx  exp
(
−ψ∗
( α

))

For an open set  ⊂ N the space ω of ω-ultradifferentiable functions
of Roumieu type on  is deﬁned by
ω =
{
f ∈ C∞  ∀K ⊂⊂  ∃m ∈   f K 1/m <∞
}

and it is endowed with the topology projKindmK 1/m. By [9, 4.9], the
space ω is a complete, nuclear, reﬂexive locally convex space which is
isomorphic to a countable product of copies of the strong dual of a power
series space of ﬁnite order.
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If K is a compact subset of N with non-empty interior, we let ωK
denote the subspace of ωN of all the functions with support contained
in K endowed with the induced topology. By [9, 3.6], ωK is an inﬁnite
dimensional (DFN)-space.
It is easy to check that the following functions ω (possibly after a suit-
able change on −AA for some A > 0) are non-quasianalytic weight
functions: 1 ωt = tβ, 0 < β < 1, 2 ωt = log1 + tβ, β > 1,
3 ωt = tloge + t−β, β > 1. In case 1 we get the classical Gevrey
classes of exponent d = 1
β
.
From now on  denotes a non-empty open convex subset of N .
We assume without loss of generality that 0 ∈ . We denote by Knn
a fundamental sequence of convex compact subsets of  such that
0 ∈ intK1 and Kn ⊂ intKn+1 for each n. For each n we denote by
hnx = supy∈Knx y x ∈ N , the supporting function of Kn which is
convex and positively homogeneous [14, 4.3]. Then our assumptions on 
imply that there is ε0 > 0 such that ε0x ≤ h1x x ∈ N , and, for each
n, there is αn ∈ 0 1 such that hnx ≤ αnhn+1x x ∈ N . This notation
will be used in the proof of Lemma 4.
The Fourier Laplace transform of an ultradistribution with compact sup-
port µ ∈ ωN′ is deﬁned by µˆz = µexp−i <  z > z ∈ N .
By [9, 7.4], the Fourier Laplace transform  µ = µˆ deﬁnes a linear topo-
logical isomorphism between the strong dual of ω and the weighted
inductive limit of Fre´chet spaces of entire functions WHN associated
with the sequence of weights W = wnk deﬁned for n k by
wnkz = exp
(
− hnImz −
1
k
ωz
)
 z ∈ N
Observe that the LF-space WHN depends on the convex open set 
and on the weight ω, but not on the fundamental sequence of compact
sets Kn. The projective hull of WHN is denoted by H 
W N. By [9,
4.9] the LF-space WHN is nuclear, reﬂexive, and isomorphic to a count-
able direct sum of copies of power series spaces of ﬁnite type, hence it is
complete. The strong dual of the space A of real analytic functions on
 is isomorphic to a weighted LF-space of type WHN where, in the
deﬁnition of the weights wnk, ωz is replaced by z; see [10, p. 557].
Now we are ready to state the main results of the present paper. In
Section 2 (Theorem 1) we show that, for each non-quasianalytic weight
ω and each non-empty convex open set , the space WHN coincides
algebraically with H 
W N but has a stronger topology. If we replace holo-
morphic functions by continuous ones then the situation changes: WCN
is a topological subspace of C 
W N by a result of [4]; however, it is a
proper subspace by Proposition 7. In particular the LF-space WHN is
regular (and even complete), but WCN is not.
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2. MAIN RESULT
In this section we prove the following theorem about the projective
description of the LF-space WHN.
Theorem 1. Let  be a non-empty convex open subset of N and let ω
be a non-quasianalytic weight. If W = wnk is the associated sequence of
weights as above, then the weighted LF-space WHN coincides algebraically
but not topologically with its projective hull H 
W N.
The proof requires several lemmata. It combines techniques of ultradif-
ferentiable functions and projective description with more complex analytic
tools.
Lemma 2. For every convex compact subset L of N with non-empty inte-
rior and for every k there is ϕ ∈ ωL such that
ϕk = sup
α∈N0
sup
x∈N
ϕαx exp
(
− 1
k
ψ∗αk
)
= ∞
Proof. Assume that every ϕ ∈ ωL satisﬁes ϕk < ∞. By [9, 3.4],
this implies that ωL coincides topologically with the Banach space{
ϕ ∈ Lϕk <∞
}

Since ωL is a (DFN)-space, this implies that it is ﬁnite dimensional, a
contradiction.
Using lower estimates in the proof of [9, 2.3] one could give an explicit
construction of functions of the type required in the lemma above.
Lemma 3. For every increasing sequence mnn in  there is ϕ ∈ ω
such that, for each n,
ϕKn 1/mn = sup
α∈N0
sup
x∈Kn
ϕαx exp
(
− 1
mn
ψ∗αmn
)
= ∞
Proof. We select a closed ball L1 with 0 ∈ intL1 ⊂ intK1, and, for
each n, we select a closed ball Ln+1 contained in intKn+1\Kn. For each
n we apply Lemma 2 for L = Ln and k = mn to ﬁnd ϕn ∈ ωLn
with ϕnmn = ∞. We deﬁne ϕx =
∑∞
n=1 ϕnx x ∈ . Clearly ϕ is
well deﬁned and belongs to ω. On the other hand, for each n,
ϕKn 1/mn ≥ ϕnmn = ∞.
The proof of our next lemma is based on an idea of Ehrenpreis [10,
pp. 557–558] for  = N .
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Lemma 4. For each quasianalytic weight ω there is an increasing sequence
βnn in  such that for every v¯ ∈ 
W there is k such that for all n there is
Cn with
v¯z ≤ Cnwnβnkz z ∈ N
Proof. For each n we select βn ∈  such that 1/βn < 1− αn. Here
αn ∈ 0 1 satisﬁes hnx ≤ αnhn+1x for each x ∈ N . To prove the
statement we ﬁx v¯ ∈ 
W . For each n there are kn and Dn > 0 such that v¯ ≤
Dnwnkn on N . Without loss of generality we assume that the sequences
kn and Dn are both non-decreasing.
For each n and each z ∈ N we have
h1Imz +
1
k1ωz ≤ logD1 − log v¯z
and
hn+1Imz +
1
kn+ 1ωz ≤ logDn+1 − log v¯z
We distinguish two cases.
Case 1. Suppose that hn+1Imz ≥ 1k1ωz Then
hnImz +
1
βnk1ωz ≤ hnImz + 1− αn
1
k1ωz
≤ hn+1Imz ≤ hn+1Imz +
1
kn+ 1ωz
≤ logDn+1 − log v¯z
Case 2. Suppose that hn+1Imz ≤ 1k1ωz Then
hnImz +
1
βnk1ωz ≤ αnhn+1Imz + 1− αn
1
k1ωz
≤ 1
k1ωz ≤ h1Imz +
1
k1ωz
≤ logD1 − log v¯z
Combining the two cases we conclude
v¯z ≤ Dn+1 exp
(
−hnImz −
1
βnk1ωz
)
 z ∈ N
which implies the result with Cn = Dn+1 and k = k1.
ultradistributions of roumieu type 129
In the proof of the statement about topologies in Theorem 1 given below,
the following observation is necessary. The dual of WHN is isomorphic
to ω by reﬂexivity. The duality is as follows: if ϕ ∈ ω, ϕ ◦−1 ∈
WHN′ and, for µ ∈ ω′, we have
ϕµ = ϕ ◦ −1µˆ
In particular, if ϕ ∈ ω x ∈  α ∈ N0 , we have
ϕαx = iαϕ ◦ −1−1αzα exp−ix z
Proof (Proof of the Non-coincidence of Topologies in Theorem 1). We
deﬁne mn = nβn n ∈  for βn as in Lemma 4, and we apply Lemma 3
to the sequence mnn to ﬁnd ϕ ∈ ω such that ϕKn 1/mn = ∞ for
each n.
Now we proceed by contradiction and assume that WHN is a topo-
logical subspace of H 
W N. Since ϕ ◦ −1 ∈ WHN′, there is v¯ ∈ 
W
such that, for all f ∈ WHN,
ϕ ◦ −1f  ≤ sup
z∈N
v¯zf z
By Lemma 4, we ﬁnd k and a sequence of positive constants Cn such
that, for all n, v¯ ≤ Cnwnβnk on N . This implies the existence of k such
that for all n there is Cn > 1 such that for every f ∈ WHN
ϕ ◦ −1f  ≤ Cn sup
z∈N
wnβnkzf z
We ﬁx n. For all x ∈ Kn and α ∈ N0 we get
ϕαx =
∣∣∣ϕ ◦ −1−1αzα exp−i < x z >
∣∣∣
≤ Cn sup
z∈N
zα expx Imz exp
(
−hnImz −
1
βnkωz
)
≤ C ′n sup
z≥1
exp
(
α log z − 1
βnkωz
)
≤ C ′n exp
(
1
βnkψ
∗βnkα
)

Observe that the change from Cn to C ′n does not depend on α, since
max
z≤1
zα exp
(
− 1
βnkωz
)
≤ max
z≤1
exp
(
− 1
βnkωz
)

Accordingly, for each n, we have ϕKn 1/βnk < ∞ But, given k, for
n > k we have βnk < βnn = mn, which yields
∞ = ϕKn 1/mn ≤ ϕKn 1/βnk <∞
a contradiction.
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The construction in the ﬁrst part of the proof of the next lemma is similar
to [17, Proof of 2.2].
Lemma 5. Let σ ≤ ω be two non-quasianalytic weights. Let h and h′ be
two positively homogeneous functions such that hx + εx ≤ h′x x ∈ N ,
for some ε > 0. Then for each n  and A > 0 there are ′ and A′ > 0 such
that if f ∈ HN satisﬁes
(i) f z ≤ exphImz + nωz z ∈ N
(ii) f x ≤ A expσx x ∈ N A ≥ 1
then
(iii) f z ≤ A′ exph′Imz + ′σz z ∈ N .
Proof. Fix z = z1     zN = x1 + iy1     xN + iyN ∈ N with
Imz = y1     yN = 0. Let e1     eN be an orthonormal basis of N such
that Imz = ηeN for some η > 0. We write x1    xN =
∑N−1
j=1 cjej + ξeN ,
we set a = ∑N−1j=1 cjej b = eN θ = ξ + iη, and we deﬁne F   →
 Fζ = f a + ζb. Clearly F ∈ H and Fθ = f z. Moreover
a+ ζb2 = ∑N−1j=1 cj2 + ζ2 = c2 + ζ2, with c ≥ 0.
Since ζb = ζ and since σ and ω are non-quasianalytic weights, we can
choose K ≥ 1 such that (i) and (ii) imply by [9, 1.2] for ζ ∈ , Imζ > 0
log Fζ ≤ hbImζ + nKωζ + nKωc + nK
while for γ ∈ ,
log Fγ ≤ Kσγ +Kσc +K+ logA
Let Pσ be the harmonic extension of σ to the upper half plane [9, 2.1]. We
deﬁne, for ζ ∈  Imζ > 0,
vζ = log Fζ −KPσζ −Kσc −K− logA
which is a subharmonic function on the upper half plane. By the estimate
which is a consequence of (i), we have vζ ≤ hbζ + oζ in the upper
half plane when ζ is large, and, for real γ, by [9, 2.2],
lim
ζ→γ Imζ>0
vζ ≤ log Fγ −Kσγ −Kσc −K− logA ≤ 0
By the Phragme´n–Lindelo¨f theorem in [15, p. 29] (see also [18, 4.1]), we
conclude vζ ≤ hbImζ for every ζ in the upper half plane. This yields,
for ζ in the upper half plane,
Fζ ≤ A exp (hbImζ +KPσζ +Kσc +K)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Given ε as in the statement, we apply [9, 2.2.(2)] to ﬁnd B > 0 with Pσζ ≤
ε/KImζ +Kσζ + B for all ζ in the upper half plane. This implies, for
such ζ,
Fζ ≤ A′ exp (hb + εImζ + 2K2σa+ ζb)
with A′ = A expB+ 1K. In particular, for ζ = θ = ξ+ iη η > 0, since
b = eN  = 1, we get
f z = Fθ ≤ A′exp(hηb + εηb + 2K2σz)
≤ A′ exp (h′Imz + 2K2σz)
This completes the proof with ′ = 2K2.
Proof (Proof of the Algebraic Coincidence in Theorem 1). Since
WH× N ⊂ H 
W N, it is enough to prove the other inclusion. As
an auxiliary sequence we deﬁne vnz = exp−hnImz − nωz z ∈
N n ∈ , and we set V = vn and VHN = indnHvnN. This is
an LB-space which is isomorphic via the Fourier Laplace transform to
the strong dual of the space ω of ultradifferentiable functions of
Beurling type; see [9, 7.4]. We denote by 
V the system of weights asso-
ciated with the sequence V and by H
V N the projective hull of the
weighted LB-space VHN. By [3, Satz 8] (also see [4]), the equality
VHN = H
V N holds algebraically and topologically.
To proceed with the proof we ﬁx f ∈ H 
W N. Since it is easy to
check that 
V ⊂ 
W , we have f ∈ H
V N, hence we can ﬁnd n with
f ∈ HvnN; i.e., there is A > 0 with
f z ≤ A exp (hnImz + nωz) z ∈ N
By our assumptions on , we ﬁnd ε > 0 with hnx + εx ≤ hn+1x x ∈
N For each k we deﬁne v¯k  N → 0∞ by v¯kz = 0 if Imz = 0
and v¯kx = exp− 1kωx if x ∈ N . For each n we have v¯k ≤ wnk on
N . This implies that each v¯k is estimated by a weight in 
W . Since f ∈
H 
W N, we conclude that for each k there is Bk > 0 such that for every
x ∈ N we have f x ≤ Bk exp 1kωx. This implies log f x = oωx
as x → ∞, and we can apply [9, 1.7] to ﬁnd a non-quasianalytic weight σ
such that σ = oω and A′ > 0 such that
f x ≤ A′ expσx x ∈ N
By Lemma 5 there are A′′ > 0 and  such that
f z ≤ A′′ exp (hn+1z + σz) z ∈ N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Since σ = oω, for each k we ﬁnd ck > 0 such that σx ≤ 1kωx +
ck

 x ∈ . Therefore
f z ≤ A′′ expck exp
(
hn+1z +
1
k
ωz
)
 z ∈ N
This implies f ∈ Hwn+1kN for all k, thus f ∈ WHN.
Corollary 6. The space WHN is a regular LF-space which has the
same bounded sets as H 
W N.
Proof. Since the inclusion WHN ⊂ H 
W N is continuous, every
bounded subset of WHN is bounded in H 
W N. If B is a closed abso-
lutely convex bounded subset of H 
W N, we denote by G the Banach
space generated by B. We can apply Theorem 1 and Grothendieck’s fac-
torization theorem [19, 24.33] to the inclusion G → WHN to conclude
that B is contained and bounded in one of the steps of WHN.
Remark. By the work of Vogt [21] and Wengenroth [22] it is known that
a countable inductive limit of Fre´chet Montel spaces is regular if and only
if it is complete. Hence Corollary 6 implies the completeness of WHN.
This also follows from the fact that WHN is isomorphic to the strong
dual of ω, which is complete by [9, 4.9].
3. WEIGHTED INDUCTIVE LIMITS OF SPACES OF
CONTINUOUS FUNCTIONS
The weighted LF-space of continuous functions WCN and its projec-
tive hull C 
W N associated with the sequence of weights W = wnk on
N of Section 1 are deﬁned in the natural way by replacing entire func-
tions by continuous ones in the deﬁnitions given in the Introduction. Clearly
H 
W N is a closed topological subspace of C 
W N, and WHN is
continuously included in WCN. The purpose of this section is to show
the following result.
Proposition 7. For every non-empty convex open subset  and every non-
quasianalytic weight ω, the associated weighted LF-space of continuous func-
tions WCN is a topological subspace of its projective hull C 
W N, but the
two spaces do not coincide algebraically. In particular the LF-space WCN
is neither regular nor complete.
Proof. We ﬁrst observe that for each n and k the quotient wnk/wnk+1
vanishes at inﬁnity. Accordingly, for each n, the sequence Wn = wnkk is
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an increasing sequence of weights on N such that the weighted Fre´chet
space
CWnN =
{
f ∈ CN  fk = sup
z∈N
wnkzf z <∞ for allk
}
coincides with
CWn0N =
{
f ∈ CN  wnkf  vanishes at ∞ for all k
}

Consequently we can apply [4, 1.3] to conclude that WCN is a topolog-
ical subspace of its projective hull.
Now we show that WCN is a proper subset of C 
W N. By [2, 2.4
and 2.7], WCN = C 
W N holds algebraically if and only if the LF-
space WCN is regular or complete, and this is also equivalent to the
following condition (wQ) on the weights, which was originally introduced
by Vogt in [21, Sect. 5]; see also [2, 2.1],
∀ n ∃mk ∀µ  ∃L S > 0 ∀z ∈ N
wmz ≤ Smaxwnkz wµLz
Observe there is no restriction if we assume in condition (wQ) that m > n
(hence m > 1) and µ > m.
Since wnk/wnk+1 vanishes at inﬁnity for all n k, we can apply [2, 5.2]
to conclude that, in this setting, condition (wQ) is equivalent to the a priori
stronger condition (Q) (cf. [2, 3.1, 21]) and it is also equivalent to the
following formulation which we use below:
∀n ∃m > nk ∀µ > m  ∃LA > 0 ∀z ≥ A
wmz ≤ maxwnkz wµLz
We show that the condition (wQ) in the formulation given above is not
satisﬁed. By the deﬁnition of the weights wnk, if W satisﬁes condition
(wQ) for n = 1, then the following condition (*) holds:
∃m > 1 k ∀µ > m  ∃LA > 0 ∀z ≥ A(
1
k
− 1

)
ωz ≤ hmImz − h1Imz or
hµImz − hmImz ≤
(
1

− 1
L
)
ωz
∗
We ﬁrst consider the case when  is unbounded. We need the following
lemma.
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Lemma 8. If  is an unbounded convex open subset of N with 0 ∈ ,
there is a fundamental sequence Kn of convex compact subsets of  and
there is b ∈ N , b = 1, such that hnb = n for each n.
Proof. Since  is not bounded and 0 ∈ , there is b ∈ N with b = 1
and tb ∈  for each t ≥ 0; see, e.g., [16. p. 340]. Fix a fundamental sequence
Ln of convex compact sets in  such that 0 ∈ intL1 and Ln ⊂ intLn+1
for each n. Without loss of generality we may assume that b ∈ intL1. We
deﬁne
K1 =
{
x ∈ L1  x b ≤ 1
}

For n > 1 we select mn with nb ∈ Lmn and we deﬁne
Kn =
{
x ∈ Lmn  x b ≤ n
}

It is easy to see that Kn satisﬁes the requirements of the statement.
We prove that condition (*) above is not satisﬁed if the convex open
set  is unbounded. Proceeding by contradiction we suppose that (*) is
satisﬁed and we select m > 1 and k. We set  = 2k and µ = 2m − 1, to
ﬁnd L and A > 0 such that, for z ≥ A, we have
1
2k
ωz ≤ hmImz − h1Imz
or
h2m−1Imz − hmImz ≤
(
1
2k
− 1
L
)
ωz
Since ωt = ot as t → ∞, there is T > A such that ωt < t if t ≥ T .
We select γ with
1
m− 1
(
1
2k
− 1
L
)
ωT  < γ < 1
2km− 1ωT 
In particular γ < T , and we can select x ∈ N with x2 + γ2 = T 2. Now let
z = x+ iγb and note that, by Lemma 8, hsImz = γhsb = γs for each
s ∈  and z = T > A. Moreover our choices imply(
1
2k
− 1
L
)
ωz =
(
1
2k
− 1
L
)
ωT  < m− 1γ
= h2m−1Imz − hmImz
and
hmImz − h1Imz = γm− 1 <
1
2k
ωT  = 1
2k
ωz
which is a contradiction.
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Finally we consider the case when  is a bounded convex open subset of
N with 0 ∈ .
We denote the closure of  by K and by h the supporting function of the
convex compact set K. For each n we set Kn = 1− 12nK. Since 0 ∈ intK,
there is ε0 ∈ 0 1 such that ε0x ≤ hx for each x ∈ N . Clearly Kn is a
fundamental sequence of convex compact subsets of  and hn = 1− 12nh
for each n.
Proceeding by contradiction again we assume that the condition (*) above
holds. We ﬁnd m > 1 and k and, for µ = m + 1 and  = kmm + 1, we
ﬁnd L and A > 0 such that if z > A,(
1
k
− 1
kmm+ 1
)
ωz ≤
(
1− 1
2m
)
hImz − 1
2
hImz
or(
1− 1
2m+ 1
)
hImz −
(
1− 1
2m
)
hImz ≤
(
1
kmm+ 1 −
1
L
)
ωz
This implies
ωz
k
≤ hImz
2
m2 − 1
m2 +m− 1 or
hImz
2
<
ωz
k

Select T > A with ωT  < ε0km2 − 1/2m2 +m− 1T . Since hx > 0
for each x ∈ N x = 0, there is c ∈ N such that
2
ωT 
k
< hc < 2m
2 +m− 1
m2 − 1
ωT 
k

We have
ε0c ≤ hc < 2
m2 +m− 1
m2 − 1
ωT 
k
< ε0T
This yields c < T and we can select x ∈ N such that x2 + c2 = T 2. We
deﬁne z = x+ ic. Clearly z = T > A Imz = c, and hence
ωz
k
<
1
2
hImz < m
2 +m− 1
m2 − 1
ωz
k

which is a contradiction.
This completes the proof of Proposition 7.
Remarks. (1) In the proof of Proposition 7 we have only used that the
weight ω is quasianalytic.
(2) We have shown above that if ω is a quasianalytic weight and  is
non-empty open and convex, then the weight system W does not satisfy con-
dition (wQ). By [2, 21] the failure of this condition on the weights is equiv-
alent to the fact that the LF-space WCN is not regular. By Theorem 1,
condition (wQ) is not equivalent to the regularity of the LF-space of entire
functions WHN.
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